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Aim: To use the Formal Theory of Monads to shed some more light on
iterated distributive laws and thereby the Eckmann—Hilton argument
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2-dimensional generalisation
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Higher-order Eckmann—Hilton



1. Background: distributive laws

( Definition. (Beck) J

Given monads S, T on a category C
a distributive law of S over T is
a natural transformation

A
ST=>TS + axioms

( Theorem. (Beck) J

1. TS becomes a monad on C.
2. T lifts to a monad T’ on S-Alg.
3. T'-Alg = TS-Alg.
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1. Background: iterated distributive laws

[ Example: 2-categories J

C = Gph-Gph = 2-GSet A> —3 A1 2 Ao
S = vertical composition

T = horizontal composition

A
STA —=—> TSA

S — OO

1. TS = free 2-category monad on Gph-Gph
2. T’ = free Cat-category monad on Cat-Gph
3. T'-Alg = 2-Cat = TS-Alg




1. Background: iterated distributive laws

( Theorem. (Cheng 2011) )

[ Example: 2-categories J

Given monads Ty, .

.., Th—1 on a category C
with

® Vi > j adistributive law T; over T}, and
® Vi > j > k a Yang-Baxter law

C = Gph-Gph = 2-GSet

S = vertical composition

Ay = AL A

T = horizontal composition
A
STA —— TSA

NN\

1. TS = free 2-category monad on Gph-Gph
2. T’ = free Cat-category monad on Cat-Gph
3. T'-Alg = 2-Cat = TS-Alg



1. Background: iterated distributive laws

( Theorem. (Cheng 2011) )

[ Example: 2-categories ]

Given monads Ty, ..
with

., Th—1 on a category C

® Vi > j adistributive law T; over T}, and
® Vi > j > k a Yang-Baxter law

then for all 0 </ < n — 1 we have monads
ToTy---T; Th1

and a DL of the latter over the former.

and Tjiq1---

Moreover all the induced monad structures on

ToTi--- Th1
are the same.

C = Gph-Gph = 2-GSet A2 —

S = vertical composition

A1 = Ao

T = horizontal composition

AA
STA —mmm—>

VA VAN
ANV

TSA

1. TS = free 2-category monad on Gph-Gph
2. T' = free Cat-category monad on Cat-Gph
3. T'-Alg = 2-Cat = TS-Alg
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1. Background: iterated distributive laws

( Theorem. (Cheng 2011) J [ Example: n-categories J

Given monads Tgp,..., T,—1 on a category C C =n-Gph~n-GSet A, = - AL = Ao
with T; = i-composition

® Vi > j a distributive law T; over T}, and DLs are pairwise interchange

® Vi > j > k a Yang-Baxter law

then for all 0 </ < n— 1 we have monads
ToT1---T; and Tijp1---Tpha
and a DL of the latter over the former.
Moreover all the induced monad structures on
ToTy - Tha
are the same.
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This generalises to semi-strict n-categories
with weak composition and strict interchange.
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iterated lifts in that work.

[ For some reason Cheng did not do ]
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1. Background: The formal theory of monads (Street)

[ Example: n-categories J

C=n-Gph~n-GSet A, = - AZZA
T; = i-composition

DLs are pairwise interchange

ToTi--- Th—1 is the free n-category monad

This generalises to semi-strict n-categories
with weak composition and strict interchange.

For some reason Cheng did not do
iterated lifts in that work.
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1. Background: The formal theory of monads (Street)

® \We can define monads in any 2-category K }
Example: n-categories

a O-cell C, a 1-cell C —T>C, 2-cells n, p
C=n-Gph~n-GSet A, - AT A

T; = i-composition

® The usual case is K = Cat.

® There is a 2-category Mnd(K)

. : DLs are pairwise interchange
monads, monad morphisms and transformations P &

ToTi--- Th—1 is the free n-category monad

( Mnd is a monad J ) ) o )
This generalises to semi-strict n-categories

with weak composition and strict interchange.

2-Cat —— 2-Cat
K ——  Mnd(K)

For some reason Cheng did not do
iterated lifts in that work.

Here 2-Cat is a category but it could be a
2-category or a 3-category.
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2. Reframing the basic theory: algebras

( Mnd?(K) gives distributive laws in K ! )

A monad in Mnd(K) is
e aO-cell (C,S)
o al-cel (C,5) L2 (¢ 9)
e 2-cells n, u making T into a monad
and A into a distributive law ST = TS
Mnd2(K) 9%  Mnd(K)
C,5,T,\ +— C,TS

[ Mnd"(K) gives iterated distributive laws J

Questions: What about lifts? Algebras?



2. Reframing the basic theory: algebras

[ We will work with 2-category totalities )

( Mnd?(K) gives distributive laws in K !I J

A monad in Mnd(K) is
e a O-cell (C,S)
o alcel (C,5) 2 (c,5)

e 2-cells n, u making T into a monad
and A into a distributive law ST = TS

Mnd2(K) 9%  Mnd(K)
C,S,T,A — C,TS

[ Mnd"(K) gives iterated distributive laws J

Questions: What about lifts? Algebras?



2. Reframing the basic theory: algebras

{ We will work with 2-category totalities )

( Mnd?(K) gives distributive laws in K !I )
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2. Reframing the basic theory: algebras

( We will work with 2-category totalities )
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2. Reframing the basic theory: algebras

( We will work with 2-category totalities )

[ Mnd?(K) gives distributive laws in K !I ]

® \We have a 2-monad

2-Cat —— 2-Cat

® There is a 2-functor e 1-cell in 2-Cat

Alg
Mnd(Cat) —— Cat
(C, T) +F— AIgT

( Theorem 1 E. Burroni 1973)

Alg gives Cat the structure of a
pseudo-algebra for the 2-monad Mnd.

A monad in Mnd(K) is
e a O-cell (C,S)
o alcel (C,5) 2 (. 5)

e 2-cells n, x making T into a monad
and ) into a distributive law ST = TS

Mnd2(K) 9%  Mnd(K)
C.S, T, +—  C,TS

[ Mnd"(K) gives iterated distributive laws ]

Questions: What about lifts? Algebras?



2. Reframing the basic theory: algebras

( We will work with 2-category totalities J ( Proof (sketch)

® We have a 2-monad
MndAlg

Mnd
2-Cat $ 2_Cat Mnd Mnd Cat Mnd Cat
P Al
® There is a 2-functor ie 1-cell in 2-Cat M‘ /’“ I g
Alg Mnd Cat Cat
Mnd(Cat) —— Cat Alg

(C,T) +—— AlgT

( Theorem 1 E. Burroni 1973)

Alg gives Cat the structure of a
pseudo-algebra for the 2-monad Mnd.

We need 2-cells for associativity and units:



2. Reframing the basic theory: algebras

( We will work with 2-category totalities J ( Proof (sketch)
e We have a 2-monad We need 2-cells for associativity and units:
pcar Mnd_ Mnd Mnd Cat ——~“£— Mnd Cat
P Al
® There is a 2-functor ie 1-cell in 2-Cat M‘ /N I ¢
Alg Mnd Cat Cat
Mnd(Cat) —— Cat Ale
(C,T) +— AlgT ((€.9),(T.N)
( Theorem 1 E. Burroni 1973) [

Alg gives Cat the structure of a (C,TS)

pseudo-algebra for the 2-monad Mnd.
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2. Reframing the basic theory: algebras

( We will work with 2-category totalities J [ Proof (sketch)
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Alg
Mnd(Cat) —— Cat
(C,T) +—— AlgT

( Theorem 1 E. Burroni 1973)

Alg gives Cat the structure of a
pseudo-algebra for the 2-monad Mnd.

We need 2-cells for associativity and units:
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((C.$).(T. ) ——— (AlgS, T')

1 Ali T

112
(C,TS) Alg TS

There are many things to check.



2. Reframing the basic theory: iterated lifts

( Proof (sketch) )
We need 2-cells for associativity and units:
Mnd Mnd Cat — £ Mnd Cat
u‘ Z- IAIg
Mnd Cat g Cat

((C.$).(T. ) ——— (AlgS, T')

1 Alg T

12
(C, TS) Alg TS

There are many things to check.
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2. Reframing the basic theory: iterated lifts

We can keep applying Mnd to «

)
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Mnd>Cat Mnd Cat
17 v
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Alg

[

Proof (sketch)
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I
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4
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We can keep applying Mnd to « ) [ Proof (sketch) ]
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12

n 4 Alg (C,TS)1 Alg TS

Mnd Cat Cat There are many things to check.

Alg 11-12



2. Reframing the basic theory: iterated lifts

We can keep applying Mnd to « J (
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Alg
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1!
To,..
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IAIE

7"V Alg

Alg [12
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2. Reframing the basic theory: iterated lifts

( Theorem 2 J ( This gives us iterated lifts. J

Given monads Tg, ..., T,—1 with an IDL:

Toy..., Tho1 ——> Té, .o, T!_5on T,_1-Alg
® We have lifts T§,..., T, _, on T,_1-Alg T I
with a lifted IDL
® Thus we can iterate, and we have Tgsws Tygon T) ,-Alg
TV Alg = Ty T, q-Alg I

Ty, T”’4 on T/ ;-Alg

Tén_l), on Tl("fz),—Alg

IAIE

7"V Alg

1%
Al
To - Tt —> To--- Tp_1-Alg
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2. Reframing the basic theory: iterated lifts

( Theorem 2 J ( This gives us iterated lifts. J
Given monads Tg, ..., T,—1 with an IDL: Toreoos Too1 > T4,...,T' 5 on T, 1-Alg
® We have lifts T§,..., T, _, on T,_1-Alg T I
with a lifted IDL
® Thus we can iterate, and we have Tg,.s Th_zon T ,-Alg
TV Alg = Ty T, q-Alg I
" n (7
( Example: n-categories ) To'seros Tog on Tils-Alg
The monad Ty for 0-comp on n-Gph lifts to Tén—l)' on Tl("fz),—Alg
® Cat-Gph-Gph-----Gph IAlg
® Cat-Cat-Gph-----Gph ,
TPy
e Cat-Cat-Cat-----Gph 0 P g
’ Alg
and T{""V"-Alg = Cat-Cat-Cat-- - --Cat To- Tooi—> To-- Tp_1-Alg
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2. Reframing the basic theory: Eckmann—Hilton

( Theorem 2 )

Given monads To,..., T,—1 with an IDL:
e We have lifts T},..., T)_, on T,_1-Alg
with a lifted IDL
e Thus we can iterate, and we have

TV Alg = Ty T, 1-Alg

( Example: n-categories )

The monad Ty for 0-comp on n-Gph lifts to
e Cat-Gph-Gph-----Gph
e Cat-Cat-Gph-----Gph
e Cat-Cat-Cat-----Gph

and Té”_l)'_Alg ~ Cat-Cat-Cat-. - - -Cat
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2. Reframing the basic theory: Eckmann—Hilton

A doubly-degenerate 2-category is a
commutative monoid

] ( Theorem 2 ]

Given monads Ty, ..., T,_1 with an IDL:

’

e We have lifts T},..., T)_, on T,_1-Alg
with a lifted IDL
e Thus we can iterate, and we have

TV Alg = Ty T, 1-Alg

( Example: n-categories J

The monad Ty for 0-comp on n-Gph lifts to
e Cat-Gph-Gph-----Gph
e Cat-Cat-Gph-----Gph
e Cat-Cat-Cat-----Gph

and To(n_l)/—Alg =~ Cat_Cat_Cat_ . _Cat
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2. Reframing the basic theory: Eckmann—Hilton

A doubly-degenerate 2-category is a
commutative monoid

|

Recall: we can construct 2-categories via
a distributive law on 2-Gph

® H = monad for horizontal composition
® V' — monad for vertical composition

® VH = HV is interchange

[ Theorem 2 ]

Given monads Ty, ..., T,_1 with an IDL:

’

e We have lifts T§,..., T, 5on T,_1-Alg

) v 'n

with a lifted IDL

e Thus we can iterate, and we have

TV AIg = Ty T, 1-Alg

[ Example: n-categories ]

The monad Ty for 0-comp on n-Gph lifts to
e Cat-Gph-Gph-----Gph
e Cat-Cat-Gph-----Gph
e Cat-Cat-Cat-----Gph
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2. Reframing the basic theory: Eckmann—Hilton

A doubly-degenerate 2-category is a
commutative monoid

Recall: we can construct 2-categories via
a distributive law on 2-Gph

® H = monad for horizontal composition

® V' — monad for vertical composition

VH => HV is interchange

HV = free 2-category monad on Gph-Gph
e H’' = free Cat-category monad on Cat-Gph

[ Theorem 2 j

Given monads Ty, ..., T,_1 with an IDL:

’

e We have lifts T§,..., T, _, on T,_1-Alg

’

with a lifted IDL

e Thus we can iterate, and we have

TV AIg = Ty T, 1-Alg

[ Example: n-categories ]

The monad Tg for 0-comp on n-Gph lifts to
e Cat-Gph-Gph-----Gph
e Cat-Cat-Gph-- - --Gph
e Cat-Cat-Cat-----Gph
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2. Reframing the basic theory: Eckmann—Hilton

A doubly-degenerate 2-category is a
commutative monoid H'-Alg

Recall: we can construct 2-categories via
a distributive law on 2-Gph

® H = monad for horizontal composition

® V' = monad for vertical composition HV-Alg

VH => HV is interchange

HV = free 2-category monad on Gph-Gph

e H’' = free Cat-category monad on Cat-Gph
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2. Reframing the basic theory: Eckmann—Hilton

A doubly-degenerate 2-category is a
commutative monoid

Recall: we can construct 2-categories via
a distributive law on 2-Gph

® H = monad for horizontal composition

® V' = monad for vertical composition

VH => HV is interchange

HV = free 2-category monad on Gph-Gph

e H’' = free Cat-category monad on Cat-Gph

doubly
degenerate

.

H'-Alg » monoid in Mon

doubl set with
HV-Alg #» 2 monoid structures
egenerate T o
and distributivity

14-15



2. Reframing the basic theory: Eckmann—Hilton

[ A doubly-degenerate 2-category is a ]

commutative monoid H'-Alg de::::zte > monoid in Mon
Recall: we can construct 2-categories via usually
a distributive law on 2-Gph 2| direct
¢ calculation
® H = monad for horizontal composition
® V' = monad for vertical composition doubly S?t with
HV-AIgm» 2 monoid structures
e VH = HV is interchange and distributivity

HV = free 2-category monad on Gph-Gph

H' = free Cat-category monad on Cat-Gph
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2. Reframing the basic theory: Eckmann—Hilton

[ A doubly-degenerate 2-category is a ]
i i doubl -
commutative monoid H'-Alg deg::erite » monoid in Mon
Recall: we can construct 2-categories via usually
a distributive law on 2-Gph 2| direct
¢ calculation
® H = monad for horizontal composition
e V = monad for vertical composition doubl set with
P HV-Alg ﬁ» 2 monoid structures
e VH = HV is interchange and distributivity

HV = free 2-category monad on Gph-Gph
e ' = free Cat-category monad on Cat-Gph [ This is a prototype for the ]

higher-dimensional version

14-15



3. Generalisation to higher dimensions

doubly L
H'-Alg Tegeneraie " monoid in Mon
usually
¢ | direct
¢ calculation
set with

doubl ;
HV-Alg ———2_% 2 monoid structures

degenerate o o
and distributivity

This is a prototype for the
higher-dimensional version
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3. Generalisation to higher dimensions

Motivation J

® We study semi-strict n-categories with
weak composition but strict interchange.

doubly S
H'-Alg Tegenerare > monoid in Mon
usually
¢ | direct
¢ calculation
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doubl .
HV-Alg ———2» 2 monoid structures
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and distributivity
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3. Generalisation to higher dimensions

Motivation

)

® We study semi-strict n-categories with
weak composition but strict interchange.

® |f we use monads for weak composition
we will not have strict DLs.

® |nstead we use monads for strict
composition but take weak algebras.

H'-Alg

HV-Alg
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degenerate > monoid in Mon

usually
¢ | direct
calculation
set with
dezz::Zte 2 monoid structures

and distributivity
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higher-dimensional version
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3. Generalisation to higher dimensions

Motivation J
H'-Alg ——=2Y 4 onoid in Mon
We study semi-strict n-categories with degenerate
weak composition but strict interchange. usually
If we use monads for weak composition ¢| direct
. . 2 calculation
we will not have strict DLs.
Instead we use monads for strict o set with
composition but take weak algebras. HV-Al deg‘e’:eéte 2 monoid structures
So we need to work with 2-categories and distributivity
and 2-monads.
And we need to lift 2-monads to —
2-categories of weak algebras. This is a prototype for the
higher-dimensional version
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3. Generalisation to higher dimensions

Motivation J
H'-Alg ——=2Y 4 onoid in Mon
We study semi-strict n-categories with degenerate
weak composition but strict interchange. usually
If we use monads for weak composition ¢| direct
. . 2 calculation
we will not have strict DLs.
Instead we use monads for strict o set with
composition but take weak algebras. HV-Al deg‘e’:eéte 2 monoid structures
So we need to work with 2-categories and distributivity
and 2-monads.
And we need to lift 2-monads to —
2-categories of weak algebras. This is a prototype for the
higher-dimensional version
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3. Generalisation to higher dimensions

. Consider 2-monads S, T on a 2-category K
Motivation ) ) ] \
with a strict DL ST =TS
We study semi-strict n-categories with Then we have a 2-monad structure on TS and

weak composition but strict interchange. a lift T’ to S-Alg, with

L. strict T-alg,
If we use monads for weak composition T'-Alg ~ TS-Alg strict S-alg,

we will not have strict DLs. ‘\/ strict interchange

Instead we use monads for strict
composition but take weak algebras.

So we need to work with 2-categories
and 2-monads.

And we need to lift 2-monads to
2-categories of weak algebras.

Mnd(Cat) =====» Mnd(2-Cat) J
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Consider 2-monads S, T on a 2-category K

Motivation ) ) ] \
with a strict DL ST= TS

We study semi-strict n-categories with Then we have a 2-monad structure on TS and
weak composition but strict interchange. a lift T’ to S-Alg, with

.. strict T-alg,
If we use monads for weak composition T'-Alg ~ TS-Alg strict S-alg,
we will not have strict DLs. ‘\/ strict interchange
Instead we use monads for strict
. Theorem 3
composition but take weak algebras.
So we need to work with 2-categories ® We have a lift of T to a 2-monad

and 2-monads. T+ on S-wAlg,, and

And we need to lift 2-monads to
2-categories of weak algebras.
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3. Generalisation to higher dimensions

Motivation )

We study semi-strict n-categories with
weak composition but strict interchange.

If we use monads for weak composition
we will not have strict DLs.

Instead we use monads for strict
composition but take weak algebras.

So we need to work with 2-categories
and 2-monads.

And we need to lift 2-monads to
2-categories of weak algebras.

Mnd(Cat) =====p Mnd(2-Cat) J

Consider 2-monads S, T on a 2-category K
with a strict DL ST 2> TS

Then we have a 2-monad structure on TS and
a lift T’ to S-Alg, with

T'-Alg ~ TS-Alg

strict S-alg,
\/ strict interchange

strict T-alg,

( Theorem 3 )

e \We have a lift of T to a 2-monad
T+ on S-wAlg,, and

e TT-wAlg ~ TS-ssAlg C TS-wAlg

weak T-alg, j

weak S-alg,
strict interchange
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3. Generalisation to higher dimensions

Motivation )

We study semi-strict n-categories with
weak composition but strict interchange.

If we use monads for weak composition
we will not have strict DLs.

Instead we use monads for strict
composition but take weak algebras.

So we need to work with 2-categories
and 2-monads.

And we need to lift 2-monads to
2-categories of weak algebras.

Mnd(Cat) =====p Mnd(2-Cat) J

Consider 2-monads S, T on a 2-category K
with a strict DL ST 2> TS

Then we have a 2-monad structure on TS and
a lift T’ to S-Alg, with

T'-Alg ~ TS-Alg

strict S-alg,
\/ strict interchange

strict T-alg,

( Theorem 3 )

e \We have a lift of T to a 2-monad
T+ on S-wAlg,, and

e TT-wAlg ~ TS-ssAlg C TS-wAlg

weak T-alg, j
weak T-alg,

weak S-alg,
weak S-alg,

strict interchange
weak interchange 16-17



3. Generalisation to higher dimensions

( Example: semi-strict 3-categories J Consider 2-monads S, T on a 2-category K
with a strict DL ST 2> TS

— )= —
K = Cat-Gph-Gph A3__’>_A% = A=A Then we have a 2-monad structure on TS and

category a lift 7" to S-Alg, with
V = 2-monad for 1-composition , strict T-alg,
H = 2-monad for 0-composition T'-Alg ~ TS;\A;Ig/. strict .S'a'g'h
VH => HV s strict interchange strict Interchanee

( Theorem 3 )

e \We have a lift of T to a 2-monad
T+ on S-wAlg,, and

e TT-wAlg ~ TS-ssAlg C TS-wAlg

weak T-alg, j
weak T-alg,

weak S-alg,
strict interchange weak S-alg,

weak interchange 18-19



3. Generalisation to higher dimensions

( Example: semi-strict 3-categories J Consider 2-monads S, T on a 2-category K
with a strict DL ST 2> TS

— )= —
K = Cat-Gph-Gph A3_—?_Az, = A=A Then we have a 2-monad structure on TS and

category a lift T’ to S-Alg, with
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weak T-alg, j
weak T-alg,

weak S-alg,
strict interchange weak S-alg,

weak interchange 18-19



3. Generalisation to higher dimensions

( Example: semi-strict 3-categories J

K = Cat-Gph-Gph A3 == A =S A1 < A
——
category
V = 2-monad for 1-composition
H = 2-monad for 0-composition
VH = HV s strict interchange

strict 1-comp,

HV-Alg ~ 3-Cat ~ H'-Alg strict 0-comp,

\/ strict interchange

We lift H to Ht on
V-wAlg ~ Bicat,;-Gph

HT-wAlg ~ Bicat;-wCat C HV-wAlg

weak 1-comp,
weak 0-comp,
strict interchange

weak 1-comp,
weak 0-comp,
weak interchange

Consider 2-monads S, T on a 2-category K
with a strict DL ST 2> TS

Then we have a 2-monad structure on TS and
a lift T’ to S-Alg, with
strict T-alg,

TI—Alg ~ TS—AIg strict S-alg,

\/ strict interchange

( Theorem 3 )

® \We have a lift of T to a 2-monad
T+ on S-wAlg,, and

e TT-wAlg ~ TS-ssAlg C TS-wAlg

weak T-alg, j
weak T-alg,

weak S-alg,
strict interchange weak S-alg,
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3. Generalisation to higher dimensions

( Example: semi-strict 3-categories J

K = Cat-Gph-Gph A3 == A =S A1 < A
——
category
V = 2-monad for 1-composition
H = 2-monad for 0-composition
VH => HV s strict interchange
strict 1-comp,

HV-Alg ~ 3-Cat ~ H'-Alg strict 0-comp,

\/ strict interchange

[ We lift H to Ht on ]

V-wAlg ~ Bicat,;-Gph

HT-wAlg ~ Bicat;-wCat C HV-wAlg

weak 1-comp,
weak 0-comp,
strict interchange

weak 1-comp,
weak 0-comp,
weak interchange

Consider 2-monads S, T on a 2-category K
with a strict DL ST 2> TS

Then we have a 2-monad structure on TS and
a lift T’ to S-Alg, with

, strict T-alg,
T -A|g =~ TS-A|g strict S-alg,
\/ strict interchange
( Theorem 3 )

® \We have a lift of T to a 2-monad
T+ on S-wAlg,, and

e TT-wAlg ~ TS-ssAlg C TS-wAlg

[ We can also iterate. J
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4. Higher-order Eckmann—Hilton

Consider 2-monads S, T on a 2-category K
with a strict DL ST <> TS

Then we have a 2-monad structure on TS and
a lift T’ to S-Alg, with

, strict T-alg,
T'-Alg ~ TS-Alg strict S-alg,
\/ strict interchange
( Theorem 3 )

e We have a lift of T to a 2-monad
T+ on S-wAlg,, and

o TH-wAlg ~ TS-ssAlg C TS-wAlg

( We can also iterate. J
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4. Higher-order Eckmann—Hilton

|

A 3-degenerate semi-strict 4-category
a symmetric monoidal category

IS

|

Consider 2-monads S, T on a 2-category K
with a strict DL ST <> TS

Then we have a 2-monad structure on TS and
a lift T’ to S-Alg, with

, strict T-alg,
T'-Alg ~ TS-Alg strict S-alg,
\/ strict interchange
[ Theorem 3 ]

e We have a lift of T to a 2-monad
T+ on S-wAlg,, and

o TT-wAlg ~ TS-ssAlg C TS-wAlg

( We can also iterate. )
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4. Higher-order Eckmann—Hilton

[ A 3-degenerate semi-strict 4-ca

tegory “is” ]

a symmetric monoidal category

= -Gph-Gph- A A
K = Cat-Gph-Gph-Gph A:—=As

category

— — —
_)A2—)A1 —)AO

Consider 2-monads S, T on a 2-category K
with a strict DL ST <> TS

Then we have a 2-monad structure on TS and
a lift T’ to S-Alg, with

, strict T-alg,
T'-Alg ~ TS-Alg strict S-alg,
\/ strict interchange
[ Theorem 3 ]

e We have a lift of T to a 2-monad
T+ on S-wAlg,, and

o TT-wAlg ~ TS-ssAlg C TS-wAlg

( We can also iterate. )
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4. Higher-order Eckmann—Hilton

A 3-degenerate semi-strict 4-category “is”
a symmetric monoidal category

K = Cat-Gph-Gph-Gph A=A ZATZTAITZ A
N——

category horizontal,

vertical,
We have 2-monads H, Vae/ depthal

Consider 2-monads S, T on a 2-category K
with a strict DL ST <> TS

Then we have a 2-monad structure on TS and
a lift T’ to S-Alg, with

T/—Alg ~ TS—AIg strict S-alg,
\/ strict interchange

[ Theorem 3 ]

strict T-alg,

e We have a lift of T to a 2-monad
T+ on S-wAlg,, and

o TT-wAlg ~ TS-ssAlg C TS-wAlg

( We can also iterate. )
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K = Cat-Gph-Gph-Gph A=A ZATZTAITZ A
N——

category horizontal,

vertical,
We have 2-monads H, Vae/ depthal

® We start with an IDL on H,V,D
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with a strict DL ST <> TS

Then we have a 2-monad structure on TS and
a lift T’ to S-Alg, with
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4. Higher-order Eckmann—Hilton

A 3-degenerate semi-strict 4-category “is”
a symmetric monoidal category

K = Cat-Gph-Gph-Gph A=A ZATZTAITZ A
N——

category horizontal,

We have 2-monads H, V,e/ g::t";?l
® We start with an IDL on H,V,D
e We lift H, V to H", VT on
D-wAlg = Cat-wCat-Gph-Gph
and we have a lifted distributive law
VTHtY = HTvt

Consider 2-monads S, T on a 2-category K
with a strict DL ST <> TS

Then we have a 2-monad structure on TS and
a lift T’ to S-Alg, with

T/—Alg ~ TS—AIg strict S-alg,
\/ strict interchange

[ Theorem 3 ]

strict T-alg,

e We have a lift of T to a 2-monad
T+ on S-wAlg,, and

o TT-wAlg ~ TS-ssAlg C TS-wAlg

( We can also iterate. )
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4. Higher-order Eckmann—Hilton

A 3-degenerate semi-strict 4-category “is”
a symmetric monoidal category

K = Cat-Gph-Gph-Gph AL:);_A?;ZAz:;AlZAo
category
We have 2-monads H, V, 3/ Z‘Zstiﬁ?:'
® We start with an IDL on H,V,D
We lift H, V to HT, VT on
D-wAlg = Cat-wCat-Gph-Gph
and we have a lifted distributive law
VtHT = HTV*
Then we lift HT to HT™ on
VT-wAlg = Cat-wCat-wCat-Gph
H**-wAlg = Cat-wCat-wCat-wCat

horizontal,

Consider 2-monads S, T on a 2-category K
with a strict DL ST <> TS

Then we have a 2-monad structure on TS and
a lift T’ to S-Alg, with

T/—Alg ~ TS—AIg strict S-alg,
M strict interchange

[ Theorem 3 ]

strict T-alg,

e We have a lift of T to a 2-monad
T+ on S-wAlg,, and

o TT-wAlg ~ TS-ssAlg C TS-wAlg

( We can also iterate. )
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4. Higher-order Eckmann—Hilton

A 3-degenerate semi-strict 4-category “is”
a symmetric monoidal category

K = Cat-Gph-Gph-Gph @3/\23“13%
category horizontal,
We have 2-monads H, V,e/ ézgt'ﬁzll
® We start with an IDL on H,V,D
We lift H, V to HT, VT on
D-wAlg = Cat-wCat-Gph-Gph
and we have a lifted distributive law
VTHT = HTVvT

Then we lift H to H™ on

VT-wAlg = Cat-wCat-wCat-Gph
H**-wAlg = Cat-wCat-wCat-wCat

H++-wAlg

HVD-ssAlg
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4. Higher-order Eckmann—Hilton

A 3-degenerate semi-strict 4-category “is”
a symmetric monoidal category

K = Cat-Gph-Gph-Gph A= ATZTA AT A
N——

category horizontal,

We have 2-monads H, V,e/ é::t'ﬁzll
® We start with an IDL on H,V,D
e We lift H, V to H", VT on
D-wAlg = Cat-wCat-Gph-Gph
and we have a lifted distributive law
VTHtY = HTvt
® Then we lift H" to H™ on
VT-wAlg = Cat-wCat-wCat-Gph
e HTT-wAlg = Cat-wCat-wCat-wCat

H++-wAlg

HVD-ssAlg

weak H-alg
weak V-alg
weak D-alg
strict interchange

20-21



4. Higher-order Eckmann—Hilton

A 3-degenerate semi-strict 4-category “is”
a symmetric monoidal category

K = Cat-Gph-Gph-Gph A= ATZTA AT A
N——

category horizontal,

We have 2-monads H, V,e/ Z::t'ﬁzll
® We start with an IDL on H,V,D
e We lift H, V to H", VT on
D-wAlg = Cat-wCat-Gph-Gph
and we have a lifted distributive law
VTHtY = HTvt
® Then we lift H" to H™ on
VT-wAlg = Cat-wCat-wCat-Gph
e HTT-wAlg = Cat-wCat-wCat-wCat

a priori

definition of
f ss 4-category

H++-wAlg

HVD-ssAlg

weak H-alg
weak V-alg
weak D-alg
strict interchange
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4. Higher-order Eckmann—Hilton

A 3-degenerate semi-strict 4-category “is”
a symmetric monoidal category

K = Cat-Gph-Gph-Gph AL:}_Agz))Az:;AlZAo
category hori_zontal,
We have 2-monads H, V,e/ Z::t'ﬁzll
® We start with an IDL on H,V,D
We lift H, V to HT, VT on
D-wAlg = Cat-wCat-Gph-Gph
and we have a lifted distributive law
VTHtY = HTvt

Then we lift H to H™ on

VT-wAlg = Cat-wCat-wCat-Gph
H**-wAlg = Cat-wCat-wCat-wCat

a priori

definition of
f ss 4-category

H++-wAlg

triply
- —_
HVD-ssAlg pr—

weak H-alg
weak V-alg
weak D-alg
strict interchange

category with
3 monoidal structures
and interchange

this is w@

we proved the
EH Sphere

20-21



4. Higher-order Eckmann—Hilton

A 3-degenerate semi-strict 4-category “is”
a symmetric monoidal category

K = Cat-Gph-Gph-Gph A= ATZTA AT A
N——

category
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Then we lift H to H™ on
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vertical,
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a priori
definition of
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4. Higher-order Eckmann—Hilton

A 3-degenerate semi-strict 4-category “is”
a symmetric monoidal category

K = Cat-Gph-Gph-Gph A= ATZTA AT A
N——

category horizontal,

We have 2-monads H, V,e/ Z::t'ﬁzll
® We start with an IDL on H,V,D
We lift H, V to HT, VT on
D-wAlg = Cat-wCat-Gph-Gph
and we have a lifted distributive law
VTHtY = HTvt

Then we lift H to H™ on

VT-wAlg = Cat-wCat-wCat-Gph
H**-wAlg = Cat-wCat-wCat-wCat
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4. Higher-order Eckmann—Hilton

Future work

)

wAlg: Mnd(2-Cat) — 2-Cat
as a lax algebra structure.

An abstract account of Leinster’s
distributive law for n-categories.

Totalities
Weak interchange: permutohedra
Yet higher order and dimensions:

syllepses

Thank you!
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Mnd Mnd (2Cat) —222*28) . Mnd (2Cat)
12 a/ wAlg
Mnd (2Cat) oAl 2Cat

AT | A-Gph, T, fca

Mnd (Cat) —22®) . MndMnd (Cat)

Alg |Mnd(A|g)
Cat = Mnd (Cat)
Vi V-Gph, fcy




