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Aim: To provide some (helpful) worked examples of
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2. Πn(2)

3. k-degenerate versions

4. Configuration spaces of points

Moral: The relationship between k-degenerate and k-monoidal structures is tricky.
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...
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Example 2-cell horizontal
composition

vertical
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t

α(t)

• any parallel k-cells are connected by a
(k + 1)-cell

• so the structure is contractible but is still
an interesting starting point

• we can do Π∞: never quotient

The subsets get ‘squashed’ but not changed
although elongated on the boundary
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2. Πn(2)

The subsets get ‘squashed’ but not changed although elongated on the boundary

Crucial property of little intervals operad:

0 1

1

2

3

a1 b1 a2 b2 a3 b3

When we express an element of E (m) as

[1] [m]
[0,1]

︷ ︸︸ ︷

︸ ︷︷ ︸

[0,m]
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2. Πn(2): Formally

• j-cells of Π∞(2) are I
j

2 with globularity condition

• Composition: suppose we have m k-composable j-cells
these are reparametrised using a (j − k − 1)-cell of E (m)

[1]× I
j−k−1 α

[m]

stack boxes

I
k × [m]× I

j−k−1
2

stacked j-cells

I
k × [1]× I

j−k−1

︸ ︷︷ ︸

I
j

1× (α, π2)

reparametrise

new j-cell

Probably not very
illuminating.

(

x1, . . . , xk , xk+1, xk+2, . . . , xj
) (

x1, . . . , xk , α(xk+1, . . . , xj), xk+2, . . . , xj
)
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• Bk,n+k has k ‘monoidal’ structures parametrised by: E0,n , E1,n , E2,n , . . . , Ek−1,n

• There is ‘parametrised interchange’.

a







b1 (α11 α21 · · · αw1)
...

bh (α1h α2h · · · αwh)







= a























b1
...
bh




























a























α11

...
αw1























· · · a























α1h

...
αwh





























• Open question: in what sense do these deserve to be called monoidal structures?
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






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• Open question: in what sense do these deserve to be called monoidal structures?

We will now restrict further, taking k-cells to be finite subsets of I k
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giving a k-degenerate (k + 1)-category
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structures by reparametrising in each
direction the same way as for
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• for k ≥ 3 this produces a symmetric
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Future work

• relationship between k-degenerate and
k-monoidal structures for these examples

• use these examples to help prove
equivalence between (n − 1)-degenerate
n-categories and symmetric monoidal
categories


