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Aim: To provide some (helpful) worked examples of
k-degenerate n-categories

1. Trimble n-categories
2. I1,(2)
3. k-degenerate versions

4. Configuration spaces of points

[ Moral: The relationship between k-degenerate and k-monoidal structures is tricky. ]
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1. Trimble's definition of n-category

Idea: iterated enrichment
weakened by operad actions

Definition (V, P)-category
Let V be a category with finite products,
P an operad in V.

A (V, P)-category A is given by
. enriched in 'V
® objects: a set Ag

® homs: for all a,a’ € Ay, A(a,d) eV
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1. Trimble's definition of n-category

Idea: iterated enrichment
weakened by operad actions

|

Iteration: we define categories V,, of

n-categories and (strict) functors

|

Definition ('V, P)-category
Let V be a category with finite products,
P an operad in V.

A (V, P)-category A is given by
. enriched in 'V
® objects: a set Ag

® homs: for all a,a’ € Ay, A(a,d) eV
® composition: for all ag,...,am € Ao

P(m) x A(am—1,3m) X - X A(ao, a1) —> A(ao, am)

weakened /

parametrised by P + axioms

® Vi, = Set

Py € Set
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1. Trimble's definition of n-category

Idea: iterated enrichment
weakened by operad actions

Iteration: we define categories V,, of
n-categories and (strict) functors

Definition (V, P)-category
Let V be a category with finite products,
P an operad in V.

A (V, P)-category A is given by
. enriched in 'V
® objects: a set Ag

® homs: for all a,a’ € Ay, A(a,d) eV
® composition: for all ag,...,am € Ao
P(m) x A(am—1,3m) X - X A(ao, a1) —> A(ao, am)

weakened /

parametrised by P + axioms

® Vi, = Set
o Vi1 = (Vn, Py)-Cat

Morphisms defined in “obvious” way
Each V11 has finite products

Py € Set
Pny1 € Voy1
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1. Trimble's definition of n-category

Idea: iterated enrichment Iteration: we define categories V,, of
weakened by operad actions n-categories and (strict) functors
Definition (V, P)-category ® Vo = Set Py € Set
Let V be a category with finite products, ® Vi1 = (Vo Pn)-Cat  Pri1 € Vi

P an operad in V. Morphisms defined in “obvious” way

A (\7, P)—category A'is given by Each V11 has finite products

enriched in V| Unravel: An n-category has
® objects: a set Ag gory

® an underlying n-globular set, and
. / /
® homs: for all a,a’ € Ay, A(a,d) €V o forall0<j<n_1 j-composition
® composition: for all ag, ..., am € Ao parametrised by P,_;_1

P(m) x Alam_1,am) % — x A(ag, a1) —> A(a0, am) ® strict interchange

weakened/ : We need to choose the P,
parametrised by P + axioms N

3-4



1. Trimble's definition of n-category

Iteration: we define categories V,, of
n-categories and (strict) functors

e Vo = Set Py € Set
o Vi1 = (vm Pn)'Cat Pni1 € Vi1

Morphisms defined in “obvious” way
Each V11 has finite products

Unravel: An n-category has
e an underlying n-globular set, and

e forall 0 <j < n-—1, j-composition
parametrised by P,_;_1

e strict interchange

( We need to choose the P, J




dimension of cells

1. Trimble's definition of n-category

( How is composition parametrised? )

bounding dimension of composition

0 1 2 n—1
1| (Pa-1)o
2| (Pac1)1 (Pn—2)o
3| (Po1)2 (Pa2)1 (Pa-3)o
4| (Po-1)s (Prn2)2  (Pa-3)1

n (Pn—l)n—l (Pn—2)n—2 (Pn—3)n—3 e (PO)O

Iteration: we define categories V,, of
n-categories and (strict) functors

|

e Vo = Set
[ ] ’\7”+1 == (’\7,77 Pn)—Cat

Morphisms defined in “obvious” way
Each V11 has finite products

Py € Set
Pn+1 S anrl

Unravel: An n-category has
e an underlying n-globular set, and

e forall 0 <j < n-—1, j-composition
parametrised by P,_;_1

e strict interchange

( We need to choose the P, J




dimension of cells

1. Trimble's definition of n-category

( How is composition parametrised? )

Each P, will come from
the little intervals operad

bounding dimension of composition
0 1 2 n—1
1| (Pn-1)o
2| (Pac1)1 (Pn—2)o
3| (Po1)2 (Pa2)1 (Pa-3)o
4| (Po-1)s (Prn2)2  (Pa-3)1
n| (Pp=1)n—1 (Pn=2)n—2 (Pn=3)n—3 --- (Po)o

Iteration: we define categories V,, of
n-categories and (strict) functors

° VO = Set
¢ Vi1 = (V,, Py)-Cat

Morphisms defined in “obvious” way
Each V11 has finite products

Py € Set
Pn+1 S anrl

Unravel: An n-category has
e an underlying n-globular set, and

e forall 0 <j < n—1, j-composition
parametrised by P,_;_1

e strict interchange

[ We need to choose the P, ]




dimension of cells

1. Trimble's definition of n-category

(

How is composition parametrised? )

(

E(m) = space of m little intervals

bounding dimension of composition

0 1 > 1
1| (Pn-1)o
2| (Pac1)1 (Pn—2)o
3| (Po1)2 (Pa2)1 (Pa-3)o
4| (Po-1)s (Prn2)2  (Pa-3)1
n | (Pn-1)a—1 (Pn—2)n—2 (Pn-3)n—3 -+ (Po)o

Each P, will come from
the little intervals operad

et
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dimension of cells

1. Trimble's definition of n-category

( How is composition parametrised? )

(

E(m) = space of m little intervals )

bounding dimension of composition

0 1 2 n—1
1| (Pn-1)o
2| (Pr-1)1 (Pa2)o
3| (Po1)2 (Pa2)1 (Pa-3)o
4| (Po-1)s (Prn2)2  (Pa-3)1
n | (Pn-1)a—1 (Pn—2)n—2 (Pn-3)n—3 -+ (Po)o

Each P, will come from
the little intervals operad

E(
W
ot

et

This acts on path spaces:
given A € Top and ag,...,am € A

m) X A(am—1,am) X+ x A(ao, a1) —> A(a0, am)

([1], [m]) x ([m], A) ——— ([1], A)
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dimension of cells

1. Trimble's definition of n-category

(

How is composition parametrised? )

( E(m) = space of m little intervals )

bounding dimension of composition

0 1 2 n—1
1 (Pn—l)O
2 (Pn—l)l (Pn—2)0
3| (Prc1)2 (Pa2)1 (Pa=3)o
4| (Po-1)3 (Po—2)2 (Pa3)
n (Pn—l)n—l (Pn—2)n—2 (Pn—3)n—3 e (’DO)O
Each P, will come from
the little intervals operad

et

This acts on path spaces:
given A € Top and ag,...,am € A

E(m) x A(am—1,am) x - x Aao, a1) — A(ao, am)
([1], [m]) x ([m], A) ——— ([1], A)

length m path

] T

4
aT

"

—0

-“'(;'S‘\\
AP\
PRI

5-6



dimension of cells

1. Trimble's definition of n-category

( How is composition parametrised? )

( E(m) = space of m little intervals )

bounding dimension of composition H—t+—H—
0 1 2 n—1 This acts on path spaces:
1| (Pp=1)o given A € Top and ag,...,am € A
2| (Pp-1)1 (Pn—2)o E(m) x A(am—-1,am) X+ x A(ag, a1) — A(a0, am)
3 (Pn,1)2 (P,-,,Q)l (Pn,3)0 g M e o
H [Pt (Przle (Paos (1], lm) x ([, A) ———— (111, 4)
length m path
—_— A
n (Pn—l)n—l (Pn—2)n—2 (Pn—3)n—3 e (PO)O [m] ‘,_-"7
|
Each P, will come from [1] g We will use
he little intervals operad Pn(m) = II,(E(m)
the little intervals opera TERITR TR =
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1. Trimble's definition of n-category

( E(m) = space of m little intervals )

H—t—

This acts on path spaces:
given A € Top and ag,...,am € A

E(m) x A(am—1,am) x - x A(ag, a1) — A(ao, am)
([1], [m]) x ([m], A) ——— ([1], A)
[m] length m path A

R4
CXT "”Q”b‘\\
RS\
Lot e

[1] a We will use
[me:HJﬂm»]




1. Trimble's definition of n-category

|

We will simultaneously define V,, and
II, : Top — "V, by induction

|

[ E(m) = space of m little intervals J

=

This acts on path spaces:
given A € Top and ag,...,am € A

E(m) x A(am—1,am) X+ x A(ao, a1) —A(ao, am)
(121, [m]) x ([m], A) —— ([11. A)
[m] length m path A

7
oz/]\ _,—'93’&\\
R
Lot e

[ We will use
[ Pn(m) = I1,(E(m)) ]




1. Trimble's definition of n-category

We will simultaneously define V,, and
II, : Top —V,, by induction

|

Definition E = little intervals operad

® Vo = Set, IIp = path components

[ E(m) = space of m little intervals j

===

This acts on path spaces:
given A € Top and ag,...,am € A

EU(Jm) X A(am—1,am) X ---x A(ao,a1) —A(ao, am)
a .._/.\./\./~ R
(121, [m]) x (Im], A) —— ([1].4)

length m path

] < A
(,YT '/_?;;' \;,;&\\
AR\

[ We will use
[ Pn(m) = I1,(E(m)) }




1. Trimble's definition of n-category

We will simultaneously define V,, and
II, : Top —V,, by induction

|

Definition E = little intervals operad
® Vo = Set, IIp = path components
e Forn>1, V,= (V,,_l, H,,_lE)-Cat

IT,A has: objects the points of A
homs (H,,A)(a, a) = H,,_l(A(a, a’))

[ E(m) = space of m little intervals J

===

This acts on path spaces:
given A € Top and ag,...,am € A

E(m) x A(am—1,am) X+ x A(ao, a1) —A(ao, am)
w

a 0-/.\./\0/‘ S
(111, [m]) x ([m], A) ——— ([1], A)
[m] length m path A

R4
(\/T _,—'\)3&\(‘
RS\
IR

[1]" We will use
[ Pn(m) = I1,(E(m)) }




1. Trimble's definition of n-category

We will simultaneously define V,, and
II, : Top —V,, by induction

Definition E = little intervals operad
e Vo = Set, IIy = path components
e Forn>1, V,= (\7,,_1, H,,_lE)—Cat
IT,A has: objects the points of A
homs (H,,A)(a, a) = H,,_l(A(a, a’))

H,,_l(E(m)) X H,,_l(A(am_l, am)) X - X H,,_l(A(ag, al))
2 | II,_1 preserves products

H,,_l(E(m) X A(am—1,am) x - x A(ao, 31))

IT,_1 of action on path spaces

uoiyisodwod

Hn—1(307 am)
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1. Trimble's definition of n-category

We will simultaneously define V,, and ( We will unravel II,A
II, : Top —V,, by induction
Definition E = little intervals operad

e Vo = Set, IIy = path components
e Forn>1, V,= (\7,,_1, H,,_lE)—Cat
IT,A has: objects the points of A
homs (H,,A)(a, a) = H,,_l(A(a, a’))

H,,_l(E(m)) X H,,_l(A(am_l, am)) X - X H,,_l(A(ag, al))
2 | II,_1 preserves products

H,,_l(E(m) X A(am—1,am) x - x A(ao, 31))

IT,_1 of action on path spaces

uoiyisodwod

Hn—1(307 am)
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1. Trimble's definition of n-category

|

II, : Top —V,, by induction

We will simultaneously define V,, and ] [ We will unravel II,A J

Definition

e Vo = Set, IIy = path components

e Forn>1, V,= (V,,_l, H,,_lE)—Cat

IT,A has: objects the points of A

0-cells: points of A

E = little intervals operad 1-cells: paths a — &’ I —A

2-cells: homotopies @ or | | 1> —A

3-cells: htpies between htpies I3 —A

homs (H,,A)(a, d) = Hn_l(A(a’ a’)) n-cells homotopy classes of - - -

Hn_l(E(m)) X Hn—l(A(am_1, 3m)) X o

uoiyisodwod

X H,,_l(A(ao, al))

2 | II,_1 preserves products

Hn—l(E(m) X A(am_l, am) X e

X A(ao,al))

IT,_1 of action on path spaces

1_In—1(307 am)

or keep going and do I A

7-8



1. Trimble's definition of n-category

We will simultaneously define V,, and
II, : Top —V,, by induction

oo v v J

Definition E = little intervals operad
e Vo = Set, IIy = path components
e Forn>1, V,= (V,,_l, H,,_lE)—Cat

IT,A has: objects the points of A
homs (H,,A)(a, a) = H,,_l(A(a, a’))

] 0-cells: points of A
1-cells: paths a — &’

2-cells: homotopies @ or | | 1> —A

3-cells: htpies between htpies I3 —A

0—comp

E(2)o PR e S

d )N ------------------

E(2)o 1-comp

I —A

n-cells homotopy classes of - - -
or keep going and do I A

bounding dim.
0 1 2 3
292k E
[0}
E%S 3|k E E
° 4|E E E E e



2. T1,(2): our first key example

( We will unravel II,A as illustration )

0-cells: points of A

1-cells: paths a — 2’ I —A
2-cells: homotopies @ or | | 1> —A
3-cells: htpies between htpies I3 —A

n-cells homotopy classes of - - -
or keep going and do I1 A

bounding dim.

01 2 3

Eo

E Ep

E, E E
Es E E E

Ei = (IIE);

of cells

B W N =

dimension




2. T1,(2): our first key example

[ 2 := {0, 1} with the indiscrete topology ) ( We will unravel II,A as illustration J

0-cells: points of A

1-cells: paths a — &’ I —A
2-cells: homotopies @ ol || I?’—A
3-cells: htpies between htpies I3 —A

n-cells homotopy classes of - - -
or keep going and do II A

bounding dim.
0 1 2 3
é‘:” 11 Eo E,:(HOCE),
5 8 2 E1 EO
ES 3|k E E
° 4|EB E E E oo



2. T1,(2): our first key example

( 2 := {0, 1} with the indiscrete topology )

® all maps into 2 are continuous

® D classifies subspaces

—_ {1
A continuous map A —2 - {J\}

s n

is” a subspace of A via

A——2

[ We will unravel II,A as illustration J

0-cells: points of A

1-cells: paths a —> &’ I —A
2-cells: homotopies @ or| || I?—A
I’ —A

3-cells: htpies between htpies

n-cells homotopy classes of - - -
or keep going and do II A

bounding dim.
01 2 3
20 2 |E E
o Y
E%S 3|k E E
° 4|EB E G E oo



2. T1,(2): our first key example

( 2 :— {0, 1} with the indiscrete topology ) [ We will unravel IT,A as illustration ]

. . 0-cells: points of A
® all maps into 2 are continuous ,
- 1-cells: paths a —>a I —A
® D classifies subspaces
) T {1}| 2-cells: homotopies @ or | | I2—A
A continuous map A —>2
"is” a subspace of A via J‘ 3-cells: htpies between htpies I3 —A
( I1,(2) has: J A—— 9 | n-cells homotopy classes of - - -
or keep going and do II A
® 0-cells points of {0,1} bounding dim
® lcells] —2 i.e. subspaces of I 0 1 2 3
e 2cells [?—=2 ie. subspaces of I s . 1|E E = (ILE);
® 3cells I —=2 ie. subspaces of I £8 2|5 ko
. . . Es 3|E B E
with globularity conditions =0 2 =L
° ° 4|EB E G E oo




2. I1,(2): our first key example

( 2 := {0, 1} with the indiscrete topology J Example 2-cell

[
¢ all maps into 2 are continuous ,
® 2 classifies subspaces r
T {1}
A continuous map A —=2 -
“is” a subspace of A via J‘
( I1,(2) has: ) A——2
[ ]

O-cells points of {0,1}
l-cells I —=2 i.e. subspaces of T

2-cells I2—>2 i.e. subspaces of I2

3-cells I —2 i.e. subspaces of I>

with globularity conditions



2. I1,(2): our first key example

_ . -y horizontal
( 2 := {0, 1} with the indiscrete topology J Example 2-cell composition

vertical
composition

° —
® all maps into 2 are continuous , tl
® 2 classifies subspaces r

{1} a(t)

| —
A continuous map A —>2 - \ D
“is” a subspace of A via J‘
( I1,(2) has: ) A——>2
[ ]

O-cells points of {0,1}
l-cells I —=2 i.e. subspaces of T

2-cells I2—>2 i.e. subspaces of I2

3-cells I —2 i.e. subspaces of I>

with globularity conditions




2. I1,(2): our first key example

. . . -~ horizontal vertical
( 2 := {0, 1} with the indiscrete topology J Example 2-cell composition  composition

° —
® all maps into 2 are continuous , tl
® 2 classifies subspaces r

{1} a(t) )

| —
A continuous map A —=2 -
“is” a subspace of A via
® any parallel k-cells are connected by a
( I1,(2) has: ) A——>2 (k+1)-cell
® so the structure is contractible but is still
® 0-cells points of {0,1} an interesting starting point
e lcels] —2 i.e. subspacesof I ® we can do Il never quotient
e 2-cells I?—2 i.e. subspaces of I* ‘ :
o 3cells I3 9 b e The subsets get ‘squashed’ but not changed
~cells I.€. subspaces o although elongated on the boundary

with globularity conditions




2. 11,(2)

The subsets get ‘squashed’ but not changed
although elongated on the boundary

(This is crucially because of a property of the little intervals operad.)

11



2. 11,(2)

( The subsets get ‘squashed’ but not changed although elongated on the boundary J

‘ \\ \uu \i‘ Crucial property of little intervals operad:
) \

LI

=~

T TT




2. 11,(2)

( The subsets get ‘squashed’ but not changed although elongated on the boundary )

Cruci

LI
]

LI

|
:

/

[

T

1

|
N ;

al property of little intervals operad:

2

of

al b1 an bg as b3

12



2. T0,(2)

( The subsets get ‘squashed’ but not changed although elongated on the boundary )

[T

1

When we express an element of E(m) as

of 1

[1] ﬁ[m] [01] : 3'1—61 an b2 as b3=

[0, 31] + (31, bl) + [bl, 32] + (32, bg) + [bz, 83] + -+ (am, bm) + [bm7 1]

le Zl’n lAI le lAz zl‘rm lAm
{0} + (0,1) + {1} + (1,2) + {2} + -+ +(m—-1,m) + {m}

[0,m]

p \\\T \uu | Crucial property of little intervals operad:
‘ \\ \‘
) : — :

= ?

12



2. I1,(2): Formally

e j-cells of II,o(2) are I/ —— 2 with globularity condition

® Composition: suppose we have m k-composable j-cells
these are reparametrised using a (j — k — 1)-cell of E(m)

stack boxes
stacked j-cells

> IK 5 [m] x [77F1

» 1x (0{7 7r2) Le” .
/_ _.e*" new jcell
.

reparametrise e

.
.
.

I* % [1] x I}_k_1
IJ'

(X17~-,Xk, Xk+1, Xk+2,---7Xj)—>(X1,---7Xk7 a(Xk41,

[1] x TI7F1 2 m)

Probably not very
illuminating.

*Xj)a Xk+25--~axj)

13
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3. k-degenerate version: our next example

Only one O-cell, 1-cell, ..., (k — 1)-cell
First non-trivial dimension is k
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3. k-degenerate version: our next example

Only one O-cell, 1-cell, ..., (k — 1)-cell
First non-trivial dimension is k

By ntk := sub-(n+k)-category of 1,4 «(2)
with only @ C I’ as j-cell for 0 < j < k.
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3. k-degenerate version: our next example

|

Only one O-cell, 1-cell, ..., (k — 1)-cell
First non-trivial dimension is k

|

By ntk := sub-(n+k)-category of 1,4 «(2)
with only @ C I’ as j-cell for 0 < j < k.

(

Dimension shift J

k-degenerate n-category with
(n + k)-category > extra structure

14-15



3. k-degenerate version: our next example

[ Only one O-cell, 1-cell, ..., (k — 1)-cell ] ( Dimension shift )

First non-trivial dimension is k

k-degenerate n-category with
—
By ok = sub-(ntk)-category of I «(2) (n + k)-category 0 extra structure
with only @ C I’ as j-cell for 0 < j < k. O-cells:  just @ C I
l-cells: just @ C 1T
2-cells:  just & C I? disregard

(k—1)-cells: just @ C T+

14-15



3. k-degenerate version: our next example

|

Only one O-cell, 1-cell, ..., (k — 1)-cell

First non-trivial dimension is k

|

By ntk := sub-(n+k)-category of 1,4 «(2)
with only @ C I’ as j-cell for 0 < j < k.

(

Dimension shift )

k-degenerate
(n + k)-category

O-cells:
1-cells:
2-cells:

(k— 1)—:cells:

(n+k)-cells:

n-category with

> extra structure
just @ C I°
just @ C T
: 2 :
just @ C T disregard

just @ C Tkt
subsets of ¥ — 0-cells

with empty with k monoidal
boundary structures

subsets of I"7K —— n-cells
with
conditions
14-15



3. k-degenerate version: our next example

|

Only one O-cell, 1-cell, ..., (k — 1)-cell

First non-trivial dimension is k

|

dimension of cells

By ntk := sub-(n+k)-category of 1,4 «(2)
with only @ C I’ as j-cell for 0 < j < k.

bounding dimension
0 1 2 k—1 ...

1 E

2 E E,

3 Ez E1 EO

k Ex1  Ex2 Ex3 Eo
k+1 | Ex Ex1  Ex—2 =]
k +n Ek—1+n Ek—2+n Ek—3+n t En

(

Dimension shift )

k-degenerate
(n + k)-category

O-cells:
1-cells:
2-cells:

(k— 1)—:cells:

(n+k)-cells:

n-category with

> extra structure
just @ C I°
just @ C T
: 2 :
just @ C T disregard

just @ C Tkt

subsets of ¥ — 0-cells

with empty with k monoidal
boundary structures
subsets of I"F —» p-cells
with

conditions
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3. k-degenerate version: our next example

|

Only one O-cell, 1-cell, ..., (k — 1)-cell

First non-trivial dimension is k

|

dimension of cells

By ntk := sub-(n+k)-category of I1,; «(2)
with only @ C I’ as j-cell for 0 < j < k.

bounding dimension
0 1 2 - k—=1...
Eq
E
Ex—> Eo
Ekfl El
k—2+n En

k ‘monoidal’ structures

(

Dimension shift J

k-degenerate
(n + k)-category

O-cells:
1-cells:
2-cells:

(k— 1)-:cells:

(n+k)-cells:

n-category with

> extra structure
just @ C I°
just @ C T
: 2 .
just @ C T disregard

just @ C k1

subsets of ¥ — 0-cells

with empty with k monoidal
boundary structures
subsets of I"TF —» n-cells
with

conditions

14-15



3. k-degenerate version: formally

dimension of cells

bounding dimension

0 1 2 cei k=1 ...
1 | &
2 E; Eq
3 E2 E1 EO
k Ex1 \(Exk—2 |(Ek—s |- Eo
k+1 ||Ex Ex1 ||Ex—2 |-+ E
k+n [\Ex—11n)\Ek—24n)\Ek—34n) -\ En

k ‘monoidal’ structures
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3. k-degenerate version: formally
® The top n dimensions of II;; ,(E) form an operad in n-Cat

e
Eiyn —= Ejyn EE Ejt1 E;

Write this as E;j ,

bounding dimension
0 1 2 cei k=1 ...

o
o 2
S 3
= :
=
5k Eo
c
Eo) :

k+n E,

k ‘monoidal’ structures
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3. k-degenerate version: formally

® The top n dimensions of II;; ,(E) form an operad in n-Cat

—_—
Ej+n e Ej+n—1 T Ej+1

Ej

Write this as E;j ,

® By »+« has k ‘monoidal’ structures parametrised by:

EO,na El,na E2,n7

) Ek—l,n
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3. k-degenerate version: formally
The top n dimensions of II;,,(E) form an operad in n-Cat

e
Eiyn —= Ejyn EE Ejt1 E;

Write this as E;j ,

By, ntk has k ‘monoidal’ structures parametrised by:  Eg ., E1,n, E2n, -, Ex—1n
There is ‘parametrised interchange'.

by (011 (%3 R Gwl) by Q11 Q1h
by (cip o -+ Qwh) by awil Qwh

Open question: in what sense do these deserve to be called monoidal structures?
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3. k-degenerate version: formally
The top n dimensions of II;;,(E) form an operad in n-Cat

—_—
Ej+n —_ Ej+n—1 T Ej+1 E_]

Write this as E;j ,

By, ntk has k ‘monoidal’ structures parametrised by:  Eg ., E1,n, E2n, -, Ex—1n
There is ‘parametrised interchange’'.

by ((111 (%3 R ﬂwl) by Q11 Q1h

bn (un  czn -+ awn) b w1 Qwh

Open question: in what sense do these deserve to be called monoidal structures?

{ We will now restrict further, taking k-cells to be finite subsets of I* )

16



4. Configurations of points: a key sub-example

( Bﬁ?n: k-cells are finite subsets of I J
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4. Configurations of points: a key sub-example

[ IB%Q"”: k-cells are finite subsets of I J

® k-degenerate: all boundaries are empty
up to (k — 1) dimensions.
® This gives us configurations of points
(p) —1I*
in the interior of I

® For (k + 1)-cells we restrict to those
subsets coming from continuous maps

Ix(p)—> I Ix(p—{1}

-
Ix(p) ™) 1 1% l

Ik%J,____> P

e Similarly for higher cells.
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4. Configurations of points: a key sub-example
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® k-degenerate: all boundaries are empty So B‘;('”n forms a k-degenerate n-category.

up to (k — 1) dimensions.
® This gives us configurations of points
(p) —=1"
in the interior of I

® For (k + 1)-cells we restrict to those
subsets coming from continuous maps

Ix(p)—> I Ix(p—{1}

-
Ix(p) ™) 1 1% l

Ik%J,____> P

e Similarly for higher cells.
17-18



4. Configurations of points: a key sub-example

( IB%Q:‘,,: k-cells are finite subsets of I J

® k-degenerate: all boundaries are empty
up to (k — 1) dimensions.
® This gives us configurations of points
(p) —1I*
in the interior of I

® For (k + 1)-cells we restrict to those
subsets coming from continuous maps
al

Ix(p)—> I Ix(p—{1}

-
Ix(p) ™) 1 1% l

Ik%J.____> P

e Similarly for higher cells.

Theorem: these properties are
preserved by reparametrisation by E.
So B‘;('”n forms a k-degenerate n-category.

Proof: Depends on the property we saw

[0.1]

[0,a1] + (a1, b1) + [b1,a2] + (a2, bp) + [b2, @3] + ---
Ao 2 m A 2| A 2| m Am

{0} + (0,1) + {1} + (1,2) + {2} + -~ +(m—1,m) + {m}

+ (am, bm) + [bm, 1]

[0,m]
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( IB%Q:‘,,: k-cells are finite subsets of I J

® k-degenerate: all boundaries are empty
up to (k — 1) dimensions.
® This gives us configurations of points
(p) —1I*
in the interior of I

® For (k + 1)-cells we restrict to those
subsets coming from continuous maps
al

Ix(p)—> I Ix(p—{1}

-
Ix(p) ™) 1 1% l

Ik+1ﬁ2

e Similarly for higher cells.

Theorem: these properties are
preserved by reparametrisation by E.
So B‘;('”n forms a k-degenerate n-category.

Proof: Depends on the property we saw

[0.1]

[0,a1] + (a1, b1) + [b1,a2] + (a2, bp) + [b2, @3] + ---
Do Um Sy 22 Ar 2| Ym Am
{0} + (0,1) + {1} + (1,2) + {2} +

[0,m]

+ (am, bm) + [bm, 1]
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4. Configurations of points: a key sub-example

( IB%Q:‘,,: k-cells are finite subsets of I J

® k-degenerate: all boundaries are empty
up to (k — 1) dimensions.
® This gives us configurations of points
(p) —1I*
in the interior of I

® For (k + 1)-cells we restrict to those
subsets coming from continuous maps
al

Ix(p)—> I Ix(p—{1}

-
Ix(p) ™) 1 1% l

Ik+1ﬁ2

e Similarly for higher cells.

Theorem: these properties are
preserved by reparametrisation by E.
So B‘;('”n forms a k-degenerate n-category.

Proof: Depends on the property we saw

[0.1]
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{0} + (0,1) + {1} + (1,2) + {2} +

[0,m]

+ (am, bm) + [bm, 1]

o4+ (m=1,m) + {m}

{1}

reparametrisation

I'x [ x s I x[m] x 77— 2
17-18



4. Configurations of points: a key sub-example

( Bfin . k-cells are finite subsets of I* J Theorem: these properties are
preserved by reparametrisation by E.
® k-degenerate: all boundaries are empty So B‘;('”n forms a k-degenerate n-category.

up to (k — 1) dimensions.
Proof: Depends on the property we saw

[0.1]

® This gives us configurations of points

(p) —1"
in the interior of I¥ [0,a1] + (av, by) + b1, a2] + (a2, b2) + [b2, @3] + -+ + (am, bm) + [bm, 1]
={1..... - * Ao m Ay 2| e A, | Am Am
<P> { P} {0} + (0,1) + {1} + (1,2) + {2} + -~ +(m—=1,m) + {m}
® For (k + 1)-cells we restrict to those o]
subsets coming from continuous maps stacked
subsets

Ix(p)—= 1k Ix{p)—{1} — {1}

-
Ix(p) ™) 1 1% l

Ik+1ﬁ2

reparametrisation

e Similarly for higher cells. I'x [ x s I x[m] x 77— 2
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4. Configurations of points: a key sub-example

( IB%ﬁ"n: k-cells are finite subsets of I J Theorem: these properties are
preserved by reparametrisation by E.
® k-degenerate: all boundaries are empty So B‘;('”n forms a k-degenerate n-category.

up to (k — 1) dimensions.
Proof: Depends on the property we saw

[0.1]

® This gives us configurations of points

(p) —1*
in the interior of I¥ [0,a1] + (av, by) + b1, a2] + (a2, b2) + [b2, @3] + -+ + (am, bm) + [bm, 1]
. Do m A 272 Ar 2| Ym Am
<P> N {1 ..... P} - {0} + (0,1) + {1} + (1,2) + {2} + -~ +(m—1,m) + {m}
® For (k + 1)-cells we restrict to those _ o]
subsets coming from continuous maps ;i‘é‘:gimet”sed ztabcsﬁg

NI

Ix(p)—> I Ix(p—{1}

-
Ix(p) ™) 1 1% l

Ik+4---_> P

3 ‘3 {1}

reparametrisation

e Similarly for higher cells. I'x [ x s I x[m] x 77— 2
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4. Configurations of points: final example

Theorem: these properties are
preserved by reparametrisation by E.
So Bfn forms a k-degenerate n-category.

Proof: Depends on the property we saw

[0.1]

[0,a1] + (a1, b1) + [b1, 2] + (a2, b2) + [b2,a3] + -++ + (am, bm) + [bm, 1]
Ao A A 2| A, 2 Am

{0} + (0,1) + {1} + (1,2) + {2} + -+ (m—-1,m) + {m}

[0,m]
reparametrised stacked
subset ( subsets

(. - (1}

.

reparametrisation

I'x [ x =T x[m] x]77! —— 2
19-20



4. Configurations of points: final example

Quotient Bf" _ by the (k +2)-cells

k,00

giving a k-degenerate (k + 1)-category

Theorem: these properties are
preserved by reparametrisation by E.
So Bﬂf‘n forms a k-degenerate n-category.

Proof: Depends on the property we saw

[0.1]

[0,a1] + (a1, b1) + [br, 2] + (a2, b2) + [b2, @3] + -

Ao A m A 2 Ay

{0} + (01) + {1} + (1,2) + {2} + -

+ (am, bm) + [bm, 1]

zlmn lA,n

F(m—1,m) + {m}

[0.m]
reparametrised
subset

<, .

stacked
subsets

{1}

a '

reparametrisation

I'x I x I ' —=I'x[m xI7"! —— 2
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4. Configurations of points: final example

Quotient Bfin

k,00

giving a k-degenerate (k + 1)-category

by the (k + 2)-cells

® objects: configurations of points in the

interior of I¥

® morphisms: braids

® k types of composition: stack boxes in k

directions and reparametrise

Theorem: these properties are
preserved by reparametrisation by E.
So B‘;‘f‘n forms a k-degenerate n-category.

Proof: Depends on the property we saw

[0.1]

[0,a1] + (a1, b1) + [br, 2] + (a2, b2) + [b2, @3] + -

+ (am, bm) + [bm, 1]

Do 2m A 2 AV 2| vm Am
0} + (01) + {1} + (1,2) + {2} o (m—1,m) + {m}
[0
reparametrised stacked
subset subsets
N - - {1}

reparametrisation

I'x I x I ' —=I'x[m xI7"! —— 2
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4. Configurations of points: final example

Quotient ]B%f'” by the (k + 2)-cells
giving a k- degenerate (k + 1)-category

objects: configurations of points in the
interior of I¥

morphisms: braids

k types of composition: stack boxes in k
directions and reparametrise

Theorem: these properties are
preserved by reparametrisation by E.
So Bﬂf‘n forms a k-degenerate n-category.

Proof: Depends on the property we saw

[0.1]

[0,a1] + (a1, b1) + [b1, a2] + (a2, b2) + [ba, a3] +

Ao ;Iw |A‘ 2 Ay 2| m Am

+ (am, bm) + [bm, 1]

{0} (0,1) {1} + (1,2) {2} o+ (m=1,m) + {m}
: : e fo.m]
Dimension shift: reparametrised stacked
this should be a k-monoidal category subset subsets
- | 1)

a priori we have k different, slightly
strange monoidal structures

only the monoidal structure coming from
(k — 1)-composition is an “ordinary” one

- -

reparametrisation

I'x[1x I =TI x[m| x """ ——— 2
19-20



4. Configurations of points: final example

Quotient Bﬁ?oo by the (k4 2)-cells ® we can define k “ordinar.y"' m9noida|
giving a k-degenerate (k + 1)-category structures by reparametrising in each
direction the same way as for
objects: configurations of points in the (k — 1)-composition

. . k
interior of I ® for k > 3 this produces a symmetric

monoidal category via higher-dimensional
k types of composition: stack boxes in k Eckmann—Hilton argument
directions and reparametrise

morphisms: braids

Dimension shift:
this should be a k-monoidal category

a priori we have k different, slightly
strange monoidal structures

only the monoidal structure coming from

(k — 1)-composition is an “ordinary” one
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4. Configurations of points: final example

Quotient Bﬁ?oo by the (k4 2)-cells ® we can define k “ordinar.y"' m9noida|
giving a k-degenerate (k + 1)-category structures by reparametrising in each
direction the same way as for
® objects: configurations of points in the (k — 1)-composition

. . k
interior of I ® for k > 3 this produces a symmetric

monoidal category via higher-dimensional
® k types of composition: stack boxes in k Eckmann—Hilton argument
directions and reparametrise

® morphisms: braids

( Future work )

® relationship between k-degenerate and
k-monoidal structures for these examples

Dimension shift:
this should be a k-monoidal category

® 3 priori we have k different, slightly °

_ use these examples to help prove
strange monoidal structures

equivalence between (n — 1)-degenerate
® only the monoidal structure coming from n-categories and symmetric monoidal

(k — 1)-composition is an “ordinary” one categories om0



