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® Weak: enrichment is weakened by the action of an operad P, in n-Cat.

Main definition

A twisted tensor product of operads A x B, encoding parametrised interchange.
Here A acts on B: compare with semi-direct product of groups.

Main theorem

Let P; be operads in j-Cat giving a theory of higher categories. Then forn > 0, k > 2:

Pn[XPn—i-llx"'[XPn—i-k—l

is an operad in n-Cat whose algebras are k-degenerate (n + k)-categories
expressed as n-categories with extra structure.
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2. Operads for n-categories: Trimble
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2. Operads for n-categories: Trimble

Ordinary V-category A:
) ( Iteration )

® objects Ag

® homs A(a,a’) €V For all n > 0 we have

® composition: for all k > 0 morphisms in V e a category V, of weak n-categories

A(ak—1,ax) X - -+ X A(ag, a1) — A(ao, ax) e an operad P, inV,
+ axioms and
Vpr1 = Vp-Cat

( Weakened by an operad P € V J il " Pn

If Vo = Set and Py = 1, then V; = Cat and

Composition in a (V, P)-category A: Vo1 = Cat-Catp,-Catp, - - - -Catp,

P(k)xA(ak-1, ak) % - -xA(ao, a1) — A(ao, a)

The operads parametrise
We write V-Catp for the category of different directions of composition
(V, P)-categories and functors. and also act on each other
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2. Operads for n-categories: parametrised interchange

( Iteration )

For all n > 0 we have

e a category V, of weak n-categories
e an operad P, inV,
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V,,+1 = Vn—Catpn

If Vo = Set and Py = 1, then V; = Cat and

Vn+1 = Cat—catpl—catp2 - 'CatPn

The operads parametrise
different directions of composition
and also act on each other
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2. Operads for n-categories: degeneracy
B CRNTANCY N
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& @? V VY

N
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2. Operads for n-categories: degeneracy

We want to understand
k-degenerate (n + k)-categories
as
n-categories with extra structure

For each dimension 0 < j < k:
® jcells are trivial
® j-composition becomes a ®
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3. The Boardman—Vogt tensor product

boundary operad
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3. The Boardman—Vogt tensor product
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3. The Boardman—Vogt tensor product

Boardman—Vogt tensor product boundary. operad S
.. of composition parametrising it
encodes commutativity.

n+k—1 IDO
e start with operads A and B in V n+k—2 Py

® make AQ BinV

k P,—1 <«— new 0-dim
Algebras for A® B are k—lP,, """"""""""
® algebras for both A and B, and k—2 Pni1 these become
e all the A-operations commute with all : f k monoidal
the B-operations in a specific sense P i—o structures
0 Prik—1

[ We build E from Py, ..., Poik_1 ]
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3. The Boardman—Vogt tensor product

encodes commutativity.

® start with operads A and B in V v V v W i‘?

® make AQ BinV B
Algebras for A® B are i‘? v
® algebras for both A and B, and

® all the A-operations commute with all
the B-operations in a specific sense

Boardman—Vogt tensor product ] [ Example: a € A(3), b € B(2) J

12-13



3. The Boardman—Vogt tensor product

Boardman—Vogt tensor product ] [ Example: a € A(3), b € B(2) J

encodes commutativity.
| 55X |0

® start with operads A and B in V v V v W i‘?

® make A BinV

Algebras for A® B are
® algebras for both A and B, and

® all the A-operations commute with all
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3. The Boardman—Vogt tensor product

[ Boardman—Vogt tensor product ] [ Example: a € A(3), b € B(2) J
|

encodes commutativity.

® make A BinV vvv B
Algebras for A® B are i‘? v
® algebras for both A and B, and

® all the A-operations commute with all Construction:
the B-operations in a specific sense A+ B/

>

coproduct generated by
of operads above relations
12-13

® start with operads A and B inV



3. Boardman—Vogt via generalised commutativity

[ Example: a € A(3), b € B(2) J
|

Yoy P
Y ¥

A+B/N
/

coproduct generated by
of operads above relations
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3. Boardman—Vogt via generalised commutativity

What universal property does the ] [ Example: a € A(3), b € B(2) ]

== =
D%

Construction:

A+B/N
/

coproduct generated by
of operads above relations
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3. Boardman—Vogt via generalised commutativity

BV tensor product have?

What universal property does the ] [ Example: a € A(3), b € B(2) J

ao (b, b, b)
(a, b) cEA+B

et @ | *@7

Construction:

A+B/N
/

coproduct generated by
of operads above relations
14-15




3. Boardman—Vogt via generalised commutativity

What universal property does the
BV tensor product have?

ao(b,b,b)
(a’b) cA+B
(bo(a,a))wy

1o

AoB——= (A+B)o(A+B)
g N
Ax B A+ B

N 7

BoA——= (A+B)o(A+ B)

Ipon

[ Example: a € A(3), b € B(2) ]
|

yoy PV
Y ¥

A+B/N
/

coproduct generated by
of operads above relations
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3. Boardman—Vogt via generalised commutativity

What universal property does the
BV tensor product have?

ao(b,b,b)
(a,b) cA+B
(b o (a, a)) -y
AoB—225 (A+ B)o(A+B)
A x substitution A+ B

\
BoA——= (A+B)o(A+ B)

convolution i 0 i1

[ Example: a € A(3), b € B(2) ]
|

yoy PV
Y ¥

A+B/N
/

coproduct

generated by
of operads

above relations
14-15



3. Boardman—Vogt via generalised commutativity

[ What universal property does the ] [ Example: a € A(3), b € B(2) ]

BV tensor product have?

o (b, b, b)
(a, b) cEA+B

a Yy ¥
\ p—
AoB—"25(A+B)o(A+B)

/& N

A x substitution A+ B Construction:

~ T
7

BoA——= (A+B)o(A+ B)

convolution iboh

coproduct generated by
of operads above relations

14-15

( Operads are monoids in sSeq




3. Boardman—Vogt via generalised commutativity

Commutativity
JPAA 2016

What universal property does the
BV tensor product have?

o (b, b, b)
(a; b) €cA+B
(b o (a, a)) -y
AoB—225 (A+ B)o(A+B)
/ \ ~
Ax substitution A+ B

\
BoA——= (A+B)o(A+ B)

convolution iboh

( Operads are monoids in sSeq )

( Garner—Lépez Franco commutativity )
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3. Boardman—Vogt via generalised commutativity

Commutativity
JPAA 2016

What universal property does the
BV tensor product have?

o (b, b, b)
(a, ) €cA+B
(b o (a, a)) -y
AoB—225 (A+ B)o(A+B)
/ \ ~
Ax substitution A+ B

\
BoA——= (A+B)o(A+ B)

convolution iboh

[ Operads are monoids in sSeq J

( Garner—Lépez Franco commutativity J

A commuting cospan is a diagram of operads
C
VN
A B
s.t. the following hexagon commutes in sSeq:

fog
AoB——> CoC

~
A

BoA——>CoC
gof

C

( A ® B is the universal such. )
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4. Twisted generalisation
N NCY Y

Usual interchange:
(all Q21 031) o (0411)(0421)(@31)
(012 Q22 (132) Q12 )\ Q2 )\ @32
Parametrised interchange'
by (11 @21 az1) | _ a11 Q21 Q31
a a a
by (012 Q22 0532) 012 Q22 32
7 ﬁ? V VY

N/
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4. Twisted generalisation

Boardman—Vogt tensor product A® B
A+ B

/<(a;b,...,b) ~ (b;a,...,a)-7>

I anN /anN anN
N NGNS

Usual interchange:
Q12 a2 32

Parametrised interchange:

(&11 Q21 &31)

(&12 Q22 &32)

by (o1 o1 a31) | b1 0] [@21) 4 (@
a a a
by (012 Q22 032) 012 Q22 32

V VYV

N/
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4. Twisted generalisation

Boardman—Vogt tensor product A® B
A+ B/
<(a;b,...,b) ~ (b;a,...,a)-7>

Twisted tensor product A x B

A+ B
/
(@ b1, - by) ~ (a(:;);a,...,a)-~y>

A
composable /

in B composed j

in B

I anN /anN anN

Usual interchange:

(011 Q21 W31)

(012 Q22 W32)

Parametrised interchange:

bi (11 a1 az1) | b1 S[ea) (o) S [os
a a a
by (012 Q22 032) 012 Q22 32

V VYV

N/
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4. Twisted generalisation

Boardman—Vogt tensor product A® B
A+ B/
<(a;b,...,b) ~ (b;a,...,a)-7>

Twisted tensor product A x B

A+ B
/
(@ b1, - by) ~ (a(:’:];a,...,a)-~y>

A
composable /

in B composed j

in B
Details

® discard the bottom dimension of B
B in V-Catpy

® add symmetric actions freely

—> B'inV

Usual interchange:
- 11 21 Q31
12 22 Q32

Parametrised interchange'

(ﬂn Q21 ﬂ31)

(ﬂ12 Q22 ﬂ32)

5| b (011 a1 a31) | _ S[ea) (o) S [os
by (012 Q22 032) 012 Q22 32

V VVV

N/
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4. Twisted generalisation
Boardman—Vogt tensor product A® B

A+ B

£

( Compare with groups J

a;b,....,b) ~ (b;a,...,a)-
( ) ( ) 7> Direct product A x B

Twisted tensor product A x B A+ B

/ /
A+B/ ) <
<(a;b1,...,bm) ~ (a(b:m);a,...,a)-'y>

A

composable / j
in B composed

in B

a-b ~ b-a>

Details
® discard the bottom dimension of B
BinV-Caty ——> B'inV

® add symmetric actions freely
16-17



4. Twisted generalisation

Boardman—Vogt tensor product A® B
A+ B/
<(a;b,...,b) ~ (b;a,...,a)-7>

Twisted tensor product A x B

A+ B
/
(@ b1, - by) ~ (a(:;);a,...,a)-'y>

A
composable /

in B composed /

in B

Details
® discard the bottom dimension of B
BinV-Caty ——> B'inV

® add symmetric actions freely

( Compare with groups J

Direct product A x B
A+ B

4

a-b ~ b-a>

Semi-direct product A x B
with A acting on B

A+ B
g

a-b ~ a(b)-a>

[Need conditions on V: cartesian and infinitely distributive]

16-17



4. Twisted generalisation: abstractly

Boardman—Vogt tensor product A® B
A+ B/
<(a;b,...,b) ~ (b;a,...,a)~7>

Twisted tensor product A x B
A+ B’/
by
<(a;b1,...,bm) ~ (a( : );a,...,a)-7>
N—— bm

A

composable / j
in B composed

in B
Details

® discard the bottom dimension of B
BinV-Caty ——> B'inV

® add symmetric actions freely
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4. Twisted generalisation: abstractly
Boardman—Vogt tensor product A® B

A commuting cospan is a diagram of operads
A+ B

/ ¢
f g
b,....b) ~ (ba,.. .. a)- > AN
((a ) ~ (bia...,a) W7 g
Twisted tensor product A x B s.t. the following hexagon commutes in sSeq:
A+ B’/ AoB—255 Coc
by 7 X
<(3;b1a---abm)N(a(:);a""7a)'7> Ax B C
— bm
composable BoA——> CoC
in B composed gof
in B
Details

® discard the bottom dimension of B
BinV-Caty ——> B'inV

® add symmetric actions freely
18-19



4. Twisted generalisation: abstractly

Boardman—Vogt tensor product A® B
A+ B/
<(a;b,...,b) ~ (b;a,...,a)~7>

Twisted tensor product A x B
A+ B’/
by
<(a;b1,...,bm) ~ (a( : );a,...,a)-7>
N—— bm

A
composable /

in B composed j

in B
Details

® discard the bottom dimension of B
BinV-Caty ——> B'inV

® add symmetric actions freely

twisted _ _
Ascommutlng cospan is a diagram of operads

C
AN
A B’
s.t. the following hexagon commutes in sSeq:

fog
AoB——> CoC

> ~
A

A®B C
BoA——> Co(C
gof
NB A s an operad in V (non-X)
B is an operad in V-Caty  (Z or non-¥)
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4. Twisted generalisation: abstractly

Boardman—Vogt tensor product A® B twisted
Aécommutlng cospan is a diagram of operads

A+ B
/<(a;b,...,b)~(b;a,...,a)-7> / \g
Twisted tensor product A x B s.t. the following hexagon commutes in sSeq:
A+B// AoB —2E5 o
by / X
<(a;b1, ..,bm)w(a( )'a > c
/
composable j \\/ B'o A —) CoC '
in B composed
in B
Details NB A s an operad in V (non-X)
e discard the bottom dimension of B B is an operad in V-Caty  (Z or non-¥)

BinV-Caty ——> B'inV

® add symmetric actions freely
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4. Twisted generalisation: abstractly

Boardman—Vogt tensor product A® B twisted
Aécommutlng cospan is a diagram of operads

A+ B
/<(a;b,...,b)~(b;a,...,a)-7> / \g
Twisted tensor product A x B s.t. the following hexagon commutes in sSeq:
A+B// AoB —2E5 o
by / X
<(a;b1, ..,bm)w(a( )'a > c
/
composable j \\/ B'o A —) CoC '
in B composed
in B
Details NB A s an operad in V (non-X)
e discard the bottom dimension of B B is an operad in V-Caty  (Z or non-¥)

BinV-Caty ——> B'inV

) ) ( Definition: A x B is the universal such. )
® add symmetric actions freely
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4. Twisted generalisation

twisted
A.commutlng cospan is a diagram of operads

/\g

s.t. the following hexagon commutes in sSeq:

fog
AoB —— Co C

A® By K
/

.

BoA——=> CoC
gof

C

NB A s an operad in V (non-X)
B is an operad in V-Caty  (Z or non-X)

( Definition: A x B is the universal such. J

20-21




4. Twisted generalisation

( Main results

Theorem (induction step)
Algebras for A x B are precisely

doubly-degenerate objects of V-Cats-Catp.

twisted
A‘commutlng cospan is a diagram of operads

/\g

s.t. the following hexagon commutes in sSeq:

fog
AoB —— Co C

o T
A® B/ \ C

B'oA—— CoC
gof

NB A s an operad in V (non-X)
B is an operad in V-Catp (X or non-¥)

[ Definition: A x B is the universal such. ]
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4. Twisted generalisation

( Main results J

Theorem (induction step)

Algebras for A x B are precisely
doubly-degenerate objects of V-Cats-Catp.

Theorem (by induction)

Let P; be operads in j-Cat giving a theory
of higher categories. Then for n >0, k > 2

Pn X Pn+1 X - X Pn+k_1

is an operad in n-Cat whose algebras are
k-degenerate (n + k)-categories expressed
as n-categories with extra structure.

twisted
Aécommutlng cospan is a diagram of operads

/\g

s.t. the following hexagon commutes in sSeq:

fog
AoB'———> CoC

o \
A@B/ C

B’OAﬁCOC

g o
NB A s an operad in V (non-X)
B is an operad in V-Catp (X or non-¥)

[ Definition: A x B is the universal such. ]
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4. Twisted generalisation

( Main results ) (

Idea of proof

Theorem (induction step)
Algebras for A x B are precisely

doubly-degenerate objects of V-Cats-Catp.

Theorem (by induction)

Let P; be operads in j-Cat giving a theory

of higher categories. Then for n >0, k > 2
Pn[XPnJrl[x"'lXPn—i—k—l

is an operad in n-Cat whose algebras are
k-degenerate (n + k)-categories expressed
as n-categories with extra structure.
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4. Twisted generalisation

( Main results ) ( Idea of proof )

Theorem (induction step) (A x B)-algebra
Algebras for A x B are precisely

doubly-degenerate objects of V-Cats-Catp.

| newly ugly calculation
Theorem (by induction)

Let P; be operads in j-Cat giving a theory _
of higher categories. Then for n >0, k > 2 A-algebra and B'-algebra + hexagon axiom

Pr X Pppg > X Ppig g doubly-degenerate object of V-Cata-Catpg

is an operad in n-Cat whose algebras are
k-degenerate (n + k)-categories expressed
as n-categories with extra structure.
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Future work

Trimble produces all P; from a single topological operad E and I1;(E).

We start with the little intervals operad and study the result.
We define a “little n-boxes” operad and compare it with the above.
A coordinate-free version to deal with symmetries better.

The full generality of Garner—Lépez Franco commutativity involving
duoidal categories.

Stabilisation.
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