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the free n-category construction does not preserve k-degeneracy

1. Degenerate n-categories

2. Operads for n-categories

3. The Boardman–Vogt tensor product via
generalised commutativity

4. A twisted generalisation
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• Weak: enrichment is weakened by the action of an operad Pn in n-Cat.

Main definition

A twisted tensor product of operads A⋉ B , encoding parametrised interchange.
Here A acts on B : compare with semi-direct product of groups.

Main theorem

Let Pj be operads in j-Cat giving a theory of higher categories. Then for n ≥ 0, k ≥ 2:

Pn ⋉ Pn+1 ⋉ · · ·⋉ Pn+k−1

is an operad in n-Cat whose algebras are k-degenerate (n + k)-categories
expressed as n-categories with extra structure.
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s.t. the following hexagon commutes in sSeq:

A ∗ B

A ◦ B C ◦ C

C

B ◦ A C ◦ C

σ

f ◦ g

µ

τ

g ◦ f

µ

A⊗ B is the universal such.
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〉

Twisted tensor product A⋉ B

A+ B ′

〈

(a; b1, . . . , bm
︸ ︷︷ ︸

) ∼ (a













b1
...

bm













; a, . . . , a) · γ
〉

composable
in B composed

in B

Details

• discard the bottom dimension of B

B in V-CatA B ′ in V

• add symmetric actions freely

twisted
A commuting cospan is a diagram of operads

C

A B ′

f g

s.t. the following hexagon commutes in sSeq:

A ∗ B

A ◦ B ′ C ◦ C

C

B ′◦ A C ◦ C

σ

f ◦ g

µ

τ

g ◦ f

µ

NB A is an operad in V (non-Σ)

B is an operad in V-CatA (Σ or non-Σ)
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Let Pj be operads in j-Cat giving a theory
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Pn ⋉ Pn+1 ⋉ · · ·⋉ Pn+k−1

is an operad in n-Cat whose algebras are
k-degenerate (n + k)-categories expressed
as n-categories with extra structure.
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is an operad in n-Cat whose algebras are
k-degenerate (n + k)-categories expressed
as n-categories with extra structure.

Idea of proof

(A⋉ B)-algebra

newly ugly calculation

A-algebra and B ′-algebra + hexagon axiom

doubly-degenerate object of V-CatA-CatB
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Future work

• Trimble produces all Pj from a single topological operad E and Πj (E ).
We start with the little intervals operad and study the result.

• We define a “little n-boxes” operad and compare it with the above.

• A coordinate-free version to deal with symmetries better.

• The full generality of Garner–López Franco commutativity involving
duoidal categories.

• Stabilisation.


