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AxB={(ab) | acA beB}
Commutativity ’,‘
BxA={(ba)|acA beB}

Axl_{a* |aeA}

' 3 “Does it matter?”
Units A = { a“ | ac A} “Who cares?”

1x A= {(*,;) | ac A} “How pedantic!”




Aside on pedantry

Pedantry = precision without illumination
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I =1[0,1]

p:I —X

g:1 —X

s.t. p(1) = q(0)

qxp=

p(2t)

q(2t —1)

2. Weakness: Paths in a space

0 1
1
0<t<i

N[
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—
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—_

( This is not associative. )

(rxq)*p

rx (g p)
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Commutativity is a
higher-dimensional concept

N

7

I 2 (N I N N

( Associativity is not J

0 AAA

More dimensions gives
more nuance
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The idea of category theory is to study
the concept of objects and maps
abstractly.
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A 2-category has: such that:

® All types of composition
satisfy the axioms for a category.

O-cells  a,b,...

f
o lcells a . >b ® Horizontal and vertical identities coincide.
o 2cells 5 Ub ® Interchange:
~
’ s O N
e Composition of 1-cells: a—=b—c \T/)\T/) L\
e Composition of 2-cells /f\ ( => higher-dimensional Eckmann—Hilton J
(0%
vertical: a&b ) )
AR % ® A 2-category with only one O-cell is a
. h , monoidal category.
. N\ ° - i -
horizontal: a/jl?‘b T A2 categqry with only one 0-cell 'and only
N S one 1l-cell is a commutative monoid.

g k 18.
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We saw for cartesian products of sets it

® In a 2-category, l-cells can be doesn't really matter.
isomorphic via invertible 2-cells,
so we can have ( Coherence theorem for 2-categories

hg)f = h(gf
(he) (ef) Every weak 2-category is
fol @ f == 1of 2-equivalent to a strict 2-category.
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® GPS = Gordon, Power, Street.
Coherence for tricategories. Mem.
Amer. Math Soc. 117 (1995) no 558

® JK = Joyal, Kock. Weak units and
homotopy 3-types. In Categories in
Algebra, Geometry and Mathematical
Physics, Contemporary Mathematics
(2007) no 431

® CC = Cheng, Corner. Weak vertical
composition (2022). E-print
2212.11865
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Conclusion

More dimensions give more nuance.
Instead of answering yes or no, we can say in what sense an axiom holds.
Commutativity measures something fundamental about higher dimensions.

There is a delicate balance of strictness and weakness in higher dimensions.
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Today 1/4 2:00pm — 2:30pm

6:15pm — 7:30pm

Tomorrow 1/5  10:00am — 10:30am

12:00pm — 12:45pm

Guest on Susan D'Agostino’s panel
“Reaching the public”

Signing “The Joy of Abstraction”

at CUP during reception

Talk in ACT session “Privilege structures
and generalised metric spaces”

Signing books at MoMath
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